Networks of Kuramoto oscillators with a positive correlation between the oscillators frequencies and the degree of the their corresponding vertices exhibits the so-called explosive synchronization behavior, which is now under intensive investigation. Here, we study and report explosive synchronization in a situation that has not yet been considered, namely when only a part, typically small, of the vertices is subjected to a degreefrequency correlation. Our results show that in order to have explosive synchronization, it suffices to have degree-frequency correlations only for the hubs, the vertices with the highest degrees. Moreover, we show that a partial degree-frequency correlation does not only promotes but also allows explosive synchronization to happen in networks for which a full degree-frequency correlation would not allow it. We perform exhaustive numerical experiments for synthetic networks and also for the undirected and unweighted version of the neural network of the worm Caenorhabditis elegans. The latter is an explicit example where partial degree-frequency correlation leads to explosive synchronization with hysteresis, in contrast with the fully correlated case, for which no explosive synchronization is observed.
I. INTRODUCTION
Synchronization phenomena [1, 2] manifest themselves in many and diverse areas. Some examples of current interest include the biology of interacting fireflies [3] , cellular processes in populations of yeast [4] , audience clapping [5] , and power grids [6] , among many others. Perhaps the most successful attempt to understand synchronization theoretically is the Kuramoto model [7] . It has been heavily employed in the last decades as the paradigm to study the onset of synchronized behavior among nonidentical interacting agents, since it is one of the few models, together its generalizations [8] , that captures the essential mechanisms of synchronization and are still amenable to some analytical approaches [9, 10] .
The so-called Kuramoto model consists in an ensemble of N oscillators, with phases and natural frequencies given, respectively, by θ i and ω i , placed on the vertices of a complex network [11] . The network topology is described by the usual symmetric adjacency matrix A i j , with elements A i j = 1 if the vertices i and j are connected by an edge, and A i j = 0 otherwise. The oscillators interact according to the equation
where λ is the coupling constant. The global state of the oscillators (1) can be conveniently described by using the order parameter r defined as
* rsoaresp@gmail.com † asaa@ime.unicamp.br which corresponds to the centroid of the phases if they are considered as a swarm of points moving around the unit circle. For incoherent motion, the phases are scattered on the circle homogeneously and r ≈ N −1/2 for large N, as a consequence of the central limit theorem, while for a synchronized state they should move in a single lump and, consequently, r ≈ 1. The general picture for the Kuramoto model is that, with very few exceptions, for small coupling strength λ there is no synchronization and therefore r ≈ 0 for large N. However, as one increases continuously the coupling constant λ, after passing a critical value λ c , whose precise value depends both on the topology of the network and on the natural frequencies ω i distribution, the order parameter r starts to increase continuously. A sort of smooth second order phase transition from incoherence to synchronization takes place here.
Very recently, a new behavior for the Kuramoto model was discovered. In [12] , it was shown that in scale free networks, when there is a positive correlation between the natural frequencies of the oscillators and the degree of the vertices on which they lie, an abrupt first order transition from incoherence to synchronization, named explosive synchronization (ES), takes place. Typically, we also have a hysteresis behavior, and the forward and backward (in λ) continuations do not coincide. The simplest case corresponds is the one for which the natural frequency ω i of a given oscillator equals its vertex degree k i ,
Explosive synchronization has also been observed in many other systems, as the retarded Kuramoto model [13] , the second-order Kuramoto model [14] , in networks of FitzHughNagumo oscillators [15] , and also in a network of chaotic Rösller oscillators [16] , allowing, in this case, an experimental observation of ES in electronic circuits. A mean-field approximation to explosive synchronization was applied in [17] .
We can also mention that a relation between explosive percolation [18] and the generalized Kuramoto model proposed in [19] was discussed in [20] . Many works have recently been devoted to understand and to generalize the occurrence of explosive synchronization to other settings as, for instance, for weighting networks [19, 21] , where the coupling constant is no longer the same for all vertices, but its value varies for each pair of connected oscillators and may depend on the values of their natural frequencies. In [22] , starting from a given natural frequencies distribution, an algorithm was described to construct a network of oscillator exhibiting ES. However, in all these cases, rather strong conditions to obtain ES are assumed. A first step to overcome this limitation was proposed in [23] , where its shown that the addition of a quenched disorder to the degreefrequency correlation not only could maintain the ES, but could also induce ES in some kinds of networks without heterogeneous degree distributions.
In this Brief Report, we take another route and investigate ES in a Kuramoto model where only a few of the vertices have a degree-frequency correlation. We notice that the problem of partial correlation was briefly analyzed in [12] for the case of random correlations. They have shown that for a scale free network with exponent γ = 2.4, no ES was seen when less than around 50% of the vertices had degree-frequency correlation. By means of some numerical experiments, we show that, in order to have ES, it suffices that the degree-frequency correlation holds only for the hubs, the vertices with highest degree. We have found ES, for instance, in Barabasi-Albert networks with only 10% of the vertices subjected to degreefrequency correlation. More interestingly, we show that by restricting the degree-frequency correlation to the hubs does not only promotes ES, but also allows it to happen in networks where the full degree-frequency correlation would not allow it. As we will see, this is the case, for instance, of a real biological network, namely the neural network of the worm Caenorhabditis elegans.
II. RESULTS
The process of synchronization can be analyzed by computing the forward and backward synchronization diagrams r(λ) according to Ref. [12] . The forward continuation is performed by starting with an initial value λ 0 of the coupling constant. We numerically solve equations (1) with random initial conditions for λ = λ 0 and evaluate the order parameter r(λ) in the stationary regime. Then we increase the coupling by a small value δλ and, using the outcome of the last run as the initial condition, calculate the new value of the stationary order parameter r(λ + δλ). We repeat this steps until a maximal value λ 1 is reached. In the same way, the backward continuation is done by decreasing the coupling by steps of size δλ from the maximal value of λ 1 . In all of the results presented here, we used δλ = 0.02, but our conclusions do not depend on the value of the increment. We also compute how the oscillator effective frequencies Ω i , defined as
vary as function of the coupling constant λ. In all of the numerical experiments performed in this work, both r(λ) and Ω i were evaluated by solving the system (1) up to a time τ = 340 time unities. Then all quantities were averaged over the next time interval of length T = 110 time unities. Again, our results does not depend considerably on the choices of τ and T , provided the former is large enough to assure that the system is in a stationary regime, and the former is compatible with our statistical analysis. Our numerical computations were done by using the SciPy package for python [24] . The system of ordinary differential equations (1), in particular, is solved with SciPy odeint routine, which is indeed a implementation of lsoda from the FORTRAN library odepack, and is known to be effective and efficient for stiff system of ordinary differential equations. Since the oscillator frequencies ω i can vary considerably over the network, the numerical integration of (1) must be done cautiously.
We consider basically two kinds of networks. First, we analyze the existence of ES in synthetic networks constructed with the mechanism proposed in [25] , and later we will also study the existence of explosive synchronization in the neural network of the worm Caenorhabditis elegans.
A. Synthetic Networks
The synthetic networks considered here were constructed according to the mechanism introduced in [25] , which depends only upon the parameter α, with 0 ≤ α ≤ 1. It is essentially a growing mechanism where the newly added vertex attaches to a randomly chosen vertex with probability α, or to higher degree nodes with probability 1 − α. In this way, by tuning a single parameter, we can build networks with varying heterogeneity, measured by the degree distribution p(k). For α = 1, we have Erdős-Rényi networks with a exponential decaying degree distribution, while for α = 0 we have Barabàsi-Albert networks with a power law degree distribution p(k) ∝ k −3 . We have considered networks with N = 500 vertices and mean degree k = 6, but our results do not depend on the networks details, provided they are sufficient to our statistical analyses.
The top panels (a), (b), and (c) of Figure 1 show the synchronization diagrams for networks with full degreefrequency correlation according to (3) . The values of α are, respectively, α = 0.2, α = 0.1 and α = 0. On the other hand, the bottom pannels, (d), (e), and (f) depict synchronizations diagrams for the same networks, but now having degree-frequency correlation only for 50 largest degree vertices, while for the remaining ones their natural frequencies were drawn from a power law distribution with exponent γ = 3. It is interesting to notice that by doing this, not only we keep the explosive synchronization in the cases it already happens with full correlation, i.e., panels but somehow unexpectedly, ES emerges when the full correlation case would not exhibit it, i.e, panels (a)-(d). The results do not depend qualitatively on the value of γ.
B. The Caenorhabditis elegans neural network
We performed also some numerical experiments with a real biological network, namely the neural network of the worm C. elegans [26] . We considered here the undirected and unweighted version of the network, which consists of N = 297 vertices representing the neurons of the worm and M = 2148 edges that roughly represent the synapses between the neurons. The graphics in the left handed side of the Figure 2 depicts the diagram r(λ) for the case of full degree-frequency correlation, again according to (3) . We observe clearly a smooth second order phase transition, in agreement with previous works [23] . However, when the degree-frequency correlation holds only for the 20 vertices with largest degree (7% of all vertices), whereas for the other oscillator their natural frequencies are drawn from a power law distribution, we observe, remarkably, a very pronounced first order, explosive, transition with the typical hysteresis loop.
The effective frequencies (4) of the oscillators on the forward continuation in Figure 2 with γ = 2.5 is shown in 3. Above the critical coupling, all the oscillators for which the frequency-degree correlation holds collapse to a common frequency. However, some oscillators (less than 15%) still rotate with their own effective frequencies.
III. FINAL REMARKS
Here, we have studied the existence of explosive synchronization in Kuramoto models when the degree-frequency correlation holds only for a small set of the vertices of the network. We have found that when the correlations holds for the hubs, the vertices with the highest degrees, explosive synchronization not only still holds, but can also emerge in situations which otherwise it would be absent, as seen in the panels (a) and (d) of Figure 1 , as well as in the case of the neural network of C. elegans, Figure 2 .
The problem of partial correlation was already analyzed in [12] , but for the case of random correlations. They showed that for a scale free network with exponent γ = 2.4, no ES is observed when less than around 50% of the vertices were subjected to degree-frequency correlation. We indeed confirm that for a Barabasi-Albert network with k = 6 and N = 400 vertices, the threshold for ES is around 80% when the correlated vertices are chosen randomly. On the other hand, when considering the hubs, ES appears with only 10% of the vertices subjected to degree-frequency correlation. One can understand qualitatively these results by analyzing how synchronization is achieved in heterogeneous topologies. It is known that for scale free networks [27] , the synchronization emerges from a central core made by the hubs. As the coupling strength increases, this core recruits the poorly connected vertices to the synchronized cluster. With the degreecorrelation for hubs, the frequency mismatch prevents as long as possible the central core of forming. However, when the central core forms, it has such a high value of λ that a substantial fraction of vertices synchronize together.
Our results also agree with, and indeed expand, those ones presented in [23] , where it is shown that when the correlation has a quenched disorder, ω i = k i + ζ i , where ζ i is a random variables uniformly drawn from the range (− , ), explosive synchronization is still observed and, moreover, it can be seen in networks such as the C. elegans neural network. This happens mainly because, as we have shown here, the hubs have a key role in the synchronization process. The quenched disorder effectively uncorrelates the frequency and degree for small degree vertices, but the hubs, with their higher degrees, are still fairly correlated, even with the quite large values of values used in [23] .
